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Úvod
Motivace: DDM pro časo-prostorové diskretizace, Prof. Steinbach (Graz)





∂u
∂t (x, t)−△xu(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, (x, t) ∈ ΓD × (0, T ),
du
dn(x, t) = g(x, t), (x, t) ∈ ΓN × (0, T ),
u(x, 0) = 0, x ∈ Ω.

V této přednášce se omeźıme na 1d úlohy.

Okrajová úloha

(Px)





−u′′(x) = f(x), x ∈ (0, 1),
u(0) = 0,
u′(1) = g.

Počátečńı úloha

(Pt)

{
u′(t) + a(t)u(t) = f(t), t ∈ (0, 1),

u(0) = 0.
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a metody konečných prvk̊u
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– stabilńı Galerkinova (MKP) aproximace, konvergence.
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a metody konečných prvk̊u
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Silná variačńı formulace

Okrajová úloha: f ∈ L2(0, 1), g ∈ R

(Sx)





Hledáme uH ∈ U := H2
0,;,0(0, 1) := {w ∈ H2(0, 1) : w(0) = w′(1) = 0} :

−

∫ 1

0

u′′H(x)v(x)dx
︸ ︷︷ ︸

=:〈Au,v〉

=

∫ 1

0

f(x)v(x)dx
︸ ︷︷ ︸

=:〈b,v〉

∀v ∈ V := L2(0, 1),

u(x) := uH(x) + gx.

Počátečńı úloha: a ∈ L∞(0, 1), f ∈ L2(0, 1)

(St)





Hledáme u ∈ U := H1
0,(0, 1) := {w ∈ H1(0, 1) : w(0) = 0} :∫ 1

0

[u′(x) + a(x)u(x)] v(x)dx
︸ ︷︷ ︸

=:〈Au,v〉

=

∫ 1

0

f(x)v(x)dx
︸ ︷︷ ︸

=:〈b,v〉

∀v ∈ V := L2(0, 1).

Hledáme u ∈ U : Au = b na V ′, kde U, V Hilbertovy prostory, A ∈ L(U, V ′).



Silná variačńı formulace

Existence řešeńı ⇔ b ∈ ImA

Věta o uzavřeném grafu (Closed range theorem):

ImA je uzavřený ve V ′ ⇔ ImA = (KerA′)
0
⇔ . . .

Budeme tedy předepisovat podmı́nku řešitelnosti

∀v ∈ V : 〈Au, v〉 = 0 ∀u ∈ U ⇒ 〈b, v〉 = 0.

t.j.

(Sx) ∀v ∈ L2(0, 1) : −

∫ 1

0

u′′(x)v(x)dx = 0 ∀u ∈ H2
0,;,0(0, 1) ⇒

∫ 1

0

f(x)v(x)dx = 0,

(St) ∀v ∈ L2(0, 1) :

∫ 1

0

[u′(x) + a(x)u(x)] v(x)dx = 0 ∀u ∈ H1
0,(0, 1) ⇒

∫ 1

0

f(x)v(x)dx = 0.

Směrem k jednoznačnosti

Hledáme u ∈ (KerA)⊥ ⊂ U : Au = b na V ′, kde U, V Hilbertovy prostory, A ∈ L(U, V ′).



Silná variačńı formulace

Inf-sup podmı́nka (odraženost nejmenš́ıho nenulového singulárńıho č́ısla)

∃c > 0 ∀u ∈ (KerA)⊥ : ‖Au‖V ′︸ ︷︷ ︸
supv∈V \{0}

〈Au,v〉
‖v‖V

≥ c‖u‖U

t.j.

∃c > 0 : inf
u∈(KerA)⊥\{0}

sup
v∈V \{0}

〈Au, v〉

‖u‖U ‖v‖V
≥ c.

Jednoznačnost

u1 ∈ (KerA)⊥ : Au1 = b
u2 ∈ (KerA)⊥ : Au2 = b

⇒ sup
v∈V \{0}

〈

=0︷ ︸︸ ︷
A(u1 − u2), v〉

‖v‖V
≥ c‖u1−u2‖U ≥ 0 ⇒ u1 = u2

Stabilita

u ∈ (KerA)⊥ : Au = b ⇒ c‖u‖U ≤ sup
v∈V \{0}

〈Au, v〉

‖v‖V
= sup

v∈V \{0}

〈b, v〉

‖v‖V
= ‖b‖V ′



Silná variačńı formulace

Inf-sup podmı́nka — technika d̊ukazu

Stač́ı ukázat:

∃c > 0 ∀u ∈ (KerA)⊥ ∃v ∈ V \ {0} : 〈Au, v〉 ≥ c‖u‖U ‖v‖V .

Stač́ı naj́ıt L ∈ L(U, V ) t.j. ‖Lu‖V ≤ CL‖u‖U tak, že L′A je eliptický na (KerA)⊥,
viz

〈Au, Lu︸︷︷︸
=v

〉 ≥ cL′A‖u‖
2
U ≥

cL′A

CL︸︷︷︸
=:c

‖u‖U ‖v‖V .

(Sx) −

∫ 1

0

u′′(x) v(x)︸︷︷︸
:=−u′′(x)

dx = |u|22
u′(1)=0

≥ c1(|u|
2
1 + |u|22)

u(0)=0

≥ c‖u‖22.

(St)

∫ 1

0

[u′(x) + a(x)u(x)] v(x)︸︷︷︸
:=u′(x)+a(x)u(x)

dx
a(x)=a>0,u(0)=0

≥ c‖u‖21
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Diskrétńı inf-sup podmı́nka, stabilńı Galerkinova aproximace

Un, Vm konečně-dimenzionálńı podprostory U, V splnuj́ıćı:

∃c > 0 ∀un ∈ Un ∩ (KerA)⊥ ∃vm ∈ Vm \ {0} : 〈Aun, vm〉 ≥ c‖un‖U ‖vm‖V .

např.

(Sx) Un ⊂ C1(0, 1) po částech kubické , Vm po částech lineárńı, L(un) := −u′′n

(St) Un ⊂ C(0, 1) po částech lineárńı , Vm po částech konstantńı, L(un) := u′n+aun

Konvergence

‖u− un‖U ≤

(
1 +

C

c

)
‖u− wn‖U ∀wn ∈ Un

MKP, Runge-Kutta ‖u− un‖ ≤ Kn−p|u|p+1, p > 0.

Spektrálńı metody  ‖u− un‖ ≤ K̃10−n, u analytická.



Silná variačńı formulace

Konvergence Runge-Kutta vers. spektrálńıch metod (Bc. práce A. B́ılka)
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• Silná variačńı formulace

– existence, inf-sup podmı́nka, jednoznačnost, stabilita,
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Slabá variačńı formulace

Okrajová úloha: f ∈ H1
0,(0, 1)

′, g ∈ R

(Vx)





Hledáme u ∈ U := V := H1
0,(0, 1) := {w ∈ H1(0, 1) : w(0) = 0} :∫ 1

0

u′(x)v′(x)dx
︸ ︷︷ ︸

=:〈Au,v〉

= 〈f, v〉 + gv(1)︸ ︷︷ ︸
=:〈b,v〉

∀v ∈ V.

Slabá formulace nám v 1d např. umožńı uvažovat bodové zdroje/śıly (Dirac)

〈δa, v〉 := v(a)
v(0)=0
= −

∫ 1

0

η(a− x)v′(x)dx,

kde η je Heavisideova funkce.

Symetrická formulace

Hledáme u ∈ (KerA)⊥ ⊂ V : Au = b na V ′, kde V Hilbert̊uv prostor, A ∈ L(V, V ′).



Slabá variačńı formulace

Elipticita (odraženost vlastńıch č́ısel) ⇒ jednoznačnost, stabilita

∃c > 0 ∀v ∈ (KerA)⊥ : 〈Av, v〉 ≥ c‖v‖2V .

Opět využ́ıváme Poincarého nerovnost

(Vx)

∫ 1

0

[v′(x)]
2
dx

v(0)=0

≥ c‖v‖21.

Konformńı Galerkinova (MKP) aproximace děd́ı elipticitu

Vn ⊂ V konečně-dimenzionálńı podprostor:

∀vn ∈ Vn ∩ (KerA)⊥ : 〈Avn, vn〉 ≥ c‖vn‖
2
V .
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Ještě slabš́ı variačńı formulace

Okrajová úloha: f ∈ H2
0,;,0(0, 1)

′, g ∈ R

(Ux)





Hledáme u ∈ U := L2(0, 1) :

−

∫ 1

0

u(x)v′′(x)dx
︸ ︷︷ ︸

=:〈Au,v〉

= 〈f, v〉 + gv(1)︸ ︷︷ ︸
=:〈b,v〉

∀v ∈ V := H2
0,;,0(0, 1).

Počátečńı úloha: a ∈ L∞(0, 1), f ∈ H1
,0(0, 1)

′

(Ut)





Hledáme u ∈ L2(0, 1) :∫ 1

0

[−u(x)v′(x) + a(x)u(x)v(x)] dx
︸ ︷︷ ︸

=:〈Au,v〉

= 〈f, v〉︸ ︷︷ ︸
=:〈b,v〉

∀v ∈ V := H1
,0(0, 1).

Hledáme u ∈ (KerA)⊥ ⊂ U : Au = b na V ′, kde U, V Hilbertovy prostory, A ∈ L(U, V ′).
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Inf-sup podmı́nka

(Ux) −

∫ 1

0

u(x)v′′(x)dx
v:=−

∫ x
0

∫ y
0 u(z)dzdy
= ‖u‖20.

(Ut)

∫ 1

0

[−u(x)v′(x) + a(x)u(x)v(x)] dx
a(x):=0,v(x):=−

∫ x
0 u(y)dy

= ‖u‖20

Stabilńı Galerkinova aproximace

(Ux) Un po částech lin., Vm ⊂ C1(0, 1) po částech kub., L(un) := −

∫ x

0

∫ y

0

un(z)dzdy

(Ut) Un po částech konstantńı, Vm ⊂ C(0, 1) po částech lineárńı , L(un) := −

∫ x

0

un(y)dy



Silná, slabá a ještě slabš́ı MKP aproximace

MKP pro okrajovou úlohu: f(x) := 1, 2 prvky, 3 prvky

MKP pro okrajovou úlohu: f(x) := sin((π/2)x), ‖u− uh‖0


